Introduction {#Sec1}
============

Pyrolysis and the subsequent ignition under external incident heat flux (HF) are important for fire protection since they determine the occurrence of fire propagation and are easier to be controlled at early stage. Ignition under constant^[@CR1]--[@CR8]^ and time-increasing^[@CR9]--[@CR19]^ HFs gained much attention and have been studied extensively in the literature, including empirical models^[@CR1],[@CR5],[@CR6],[@CR13],[@CR15]^, analytical^[@CR4],[@CR7]--[@CR10],[@CR12],[@CR17],[@CR18]^ and numerical models^[@CR2],[@CR3],[@CR11],[@CR20]--[@CR23]^. However, the time-decreasing HF, which may result from a moving-away flame in forest fire, high temperature smoke during cooling process in compartment fire before flashover or irradiative heater after power outage^[@CR24]^, is barely concerned and the ignition behaviors of the imposed materials are not adequately understood.

Under constant HF, the pioneers did some remarkable works to reveal the ignition mechanism, such as the classical ignition theory^[@CR1],[@CR25]^ in which pyrolysis and the dependence of thermal parameters on temperature were neglected. Critical temperature was used in these models. Based on this original theory, other researchers improved the model when dealing with some influential aspects, such as the surface heat loss^[@CR26],[@CR27]^, porosity of materials and the mass transfer of the yielded gas in solid^[@CR28]--[@CR31]^, grain orientation of wood^[@CR32]^, ambient pressure and oxygen concentration^[@CR30],[@CR31],[@CR33]--[@CR35]^, air flow velocity on surface^[@CR36]^, generated char layer^[@CR37]^, melting behaviors^[@CR38]^, gravity^[@CR39]^, in-depth absorption of thermal radiation^[@CR2]--[@CR4],[@CR7]^, optical and radiative properties of semitransparent materials^[@CR40],[@CR41]^. In order to introduce the critical mass flux into analytical model, Lautenberger^[@CR8]^ and Snegirev^[@CR42]^ used a power law function and Frank-Kamenetskii decomposition^[@CR43]^ respectively to replace the Arrhenius pyrolysis rate and derived explicit expressions for ignition time. Some remarkable works aiming at providing insight into the thermal degradation of solid utilizing multi-component Arrhenius expressions were implemented through TGA, DSC, MCC and cone calorimetry^[@CR44]--[@CR47]^. Constant HF was applied in these studies owing to the fact that this condition is comparatively easier to conduct using standard experimental apparatus at bench scale tests. However, the materials received HF frequently varies with a propagating flame, growth or decline of fires.

While under time-increasing HF, Lamorlette^[@CR18]^ discussed an approach to determine the analytical solutions, including power law and polynomial HFs. Didomizio^[@CR10]^ experimentally and numerically studied the ignition of wood under fourth-order HF. Vermesi^[@CR12],[@CR13]^ investigated the ignition of PMMA and wood under parabolic HF by the FPA. Also, a numerical solver Gpyro^[@CR21]^ was employed to implement the simulation. Yang^[@CR14]^ and Ji^[@CR15]^ designed a linearly increasing HF in their tests to explore the ignition of wood species. An integral model was developed to analyze the experimental data. Later, Zhai^[@CR17]^ extended Yang and Ji's works to exponential HF. In all these studies, critical temperature and critical mass flux were commonly used for analytical and numerical models, respectively. Reszka^[@CR9]^ studied the ignition time of solid under time-dependent HF in forest fire, and found that the ignition time can be correlated with the total absorbed energy before ignition. Nonetheless, critical mass flux which is believed to be a more reasonable ignition criterion is barely studied under the time-varying HF in these models. Bilbao^[@CR24]^ examined the ignition behaviors of wood under time-decreasing HF in his experiment by turning off the power supply of the heater once the predetermined initial HF was reached. A numerical model was introduced in that study to estimate the ignition time. However, no analytical work was provided and the detailed information of the decreasing heat flux was avoided by using an average heat flux before ignition.

In this study, the ignition of PMMA under linearly and quadratically decreasing HFs is investigated analytically. Critical mass flux is utilized to obtain an explicit expression for ignition time with consideration of pyrolysis within solid. Also, transient mass flux is studied in this work. A previously developed numerical model^[@CR23]^ is employed to validate the proposed model. The capability of the numerical model has been validated through experimental measurements, including the surface temperatures and mass loss rates of several charring and non-charring polymers under constant incident heat flux, and good agreement is found. Furthermore, parametric study is implemented to analyze the dependence of ignition time prediction on ignition criterion.

Theoretical Analysis {#Sec2}
====================

Considering a thermally thick PMMA imposed to a time-decreasing HF, the one-dimensional heat transfer in solid is illustrated in Fig. [1](#Fig1){ref-type="fig"}. Relatively low HF, lower than 80 kW/m^2^ ^[@CR4]^, is focused in this study and only surface absorption of radiation, corresponding to opaque materials, is utilized instead of in-depth absorption. This is because Jiang^[@CR7]^, Vermesi^[@CR12]^, Beaulieu^[@CR5]^, Bal^[@CR3],[@CR41]^, Delichatsios^[@CR4]^ and Boulet^[@CR40]^ found surface absorption dominates the heat absorption process even for translucent materials under low HF, whereas in-depth absorption plays a more important role as HF increases. Surface heat loss including convection and reradiation is neglected in this study for simplification. The time-decreasing HF is expressed as:$$\documentclass[12pt]{minimal}
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*θ*~1~ and *θ*~2~ are the solutions of constant and time-increasing HF scenarios, respectively. *θ*~2~ was derived in ref.^[@CR19]^. *θ*~1~ is equivalent to *θ*~2~ when $\documentclass[12pt]{minimal}
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Equation ([6](#Equ6){ref-type=""}) or ([7](#Equ7){ref-type=""}) is the transient in-depth temperature in solid. Some researchers tried to integrate the pyrolysis reaction into analytical models by invoking some approximations. For instance, Lautenberger^[@CR8]^ replaced the pyrolysis rate by a power law function, and Snegirev^[@CR42]^ used the Frank-Kamenetskii decomposition to simplify the Arrhenius function. However, all these works were conducted under constant HF. In this section, we extend Lautenberger's^[@CR8]^ study from constant to time-decreasing boundary condition. Both linearly and quadratically decreasing HFs are examined.

Linearly decreasing heat flux {#Sec3}
-----------------------------

The total transient mass flux of a thermally thick solid subjected to an incident HF can be expressed as^[@CR19]^:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\dot{m}^{\prime\prime} $$\end{document}$ is mass flux, *Z* is the pre-exponential factor and *T*~*a*~ is the activation temperature. As the approximation results in ref.^[@CR8]^, the pyrolysis rate can be replaced by a power law function when the pyrolysis temperature is between 250 °C and 450 °C and the *T*~*a*~ ranges from 10000 K to 30000 K:$$\documentclass[12pt]{minimal}
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Rearranging Eqs ([12](#Equ12){ref-type=""}--[14](#Equ14){ref-type=""}) and ([9](#Equ9){ref-type=""}), the total mass flux at linearly decreasing HF condition, Eq. ([8](#Equ8){ref-type=""}) can be expressed as:$$\documentclass[12pt]{minimal}
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In order to further simplify Eq. ([15](#Equ15){ref-type=""}), the same exponential approximation in ref.^[@CR19]^ where the excellent accuracy of this approximation was verified, is utilized as follow:$$\documentclass[12pt]{minimal}
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Combining Eqs ([16](#Equ16){ref-type=""}) and ([17](#Equ17){ref-type=""}), Eq. ([15](#Equ15){ref-type=""}) can be rewritten as:$$\documentclass[12pt]{minimal}
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Unfortunately, Eq. ([18](#Equ18){ref-type=""}) cannot be integrated analytically. Another approximation is introduced to simplify Eq. ([18](#Equ18){ref-type=""}):$$\documentclass[12pt]{minimal}
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The reliability of this assumption is validated in Fig. [2](#Fig2){ref-type="fig"}. Although the approximate curves deviate more greatly as $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi $$\end{document}$ increases, they agree well with the exact solutions near the high temperature surface where the pyrolysis reaction contributes the most of the mass flux. Accordingly, the transient mass flux can be expressed as:$$\documentclass[12pt]{minimal}
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Ignition occurs only if the maximum mass flux is greater than the critical mass flux, $\documentclass[12pt]{minimal}
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The ignition time at the critical condition can be expressed as:$$\documentclass[12pt]{minimal}
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If *a* is larger than *a*~*cri*,1~, no ignition is observed. When $\documentclass[12pt]{minimal}
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Consequently, the ignition time can be calculated based on Cardano's formula for cubic equation:$$\documentclass[12pt]{minimal}
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Although Eq. ([27](#Equ27){ref-type=""}) provides an exact solution for ignition time, it is a relatively complicated correlation. An approximate method is introduced here to simplify the ignition time expression. Noticing that when $\documentclass[12pt]{minimal}
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Equation ([26](#Equ26){ref-type=""}) can be approximately rewritten as:$$\documentclass[12pt]{minimal}
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Quadratically decreasing heat flux {#Sec4}
----------------------------------
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Under quadratically decreasing HF, the mass flux can be expressed according to Eqs ([7](#Equ7){ref-type=""}--[9](#Equ9){ref-type=""}), ([13](#Equ13){ref-type=""}) and ([31](#Equ31){ref-type=""}):$$\documentclass[12pt]{minimal}
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Another exponential approximation in ref.^[@CR19]^ is employed to simplify Eq. ([32](#Equ32){ref-type=""}):$$\documentclass[12pt]{minimal}
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Based on Eqs ([16](#Equ16){ref-type=""}) and ([33](#Equ33){ref-type=""}), Eq. ([32](#Equ32){ref-type=""}) can be simplified as:$$\documentclass[12pt]{minimal}
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Being similar to the simplification process from Eqs ([18](#Equ18){ref-type=""}) to ([19](#Equ19){ref-type=""}), another approximation is invoked to simplify Eq. ([34](#Equ34){ref-type=""}):$$\documentclass[12pt]{minimal}
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The reliability of this assumption is validated in Fig. [3](#Fig3){ref-type="fig"} and the agreement is good especially in the vicinity of the high temperature surface. After integrating Eq. ([35](#Equ35){ref-type=""}), the mass flux can be consequently expressed as:$$\documentclass[12pt]{minimal}
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Similarly, the occurrence of ignition requires $\documentclass[12pt]{minimal}
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The ignition range of *a* can be calculated as:$$\documentclass[12pt]{minimal}
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Similar to Eq. ([25](#Equ25){ref-type=""}), the ignition time at the critical condition can be expressed as:$$\documentclass[12pt]{minimal}
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Similar to Eq. ([30](#Equ30){ref-type=""}), the ignition time can be approximately solved as:$$\documentclass[12pt]{minimal}
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Numerical Model {#Sec5}
===============

A previously developed numerical model^[@CR23]^ was used to validate the established analytical model and experimental results. Both surface and in-depth absorptions and their combination were considered in the numerical model. The energy and mass conservation equations and decomposition rate in solid are:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\{\begin{array}{l}x=0:-\,k\frac{\partial T}{\partial x}=\tau {\dot{q}^{\prime\prime} }_{0}-\varepsilon \sigma ({T}^{4}-{T}_{0}^{4})-{h}_{c}(T-{T}_{0})\\ x=L:{-\frac{\partial T}{\partial x}|}_{x=L}=0\end{array}$$\end{document}$$where *L* denotes the thickness of sample. Although temperature-dependent thermal parameters were considered in this numerical model, constant values at ambient temperature were used for comparison with analytical model. More detailed information about the numerical model can be found in ref.^[@CR23]^. The simulation time, spatial and time steps are 500 s, 0.05 mm and 0.2 s, respectively. In order to verify the thermally thick assumption, 30 and 50 mm thick sample cases were also simulated. Little discrepancy of the in-depth temperature was found between the two cases. Therefore, 30 mm thickness was used in this study to save the simulation time.

Results and Discussion {#Sec6}
======================

PMMA is selected for computation to validate the proposed analytical model in this section. The thermophysics, chemical kinetics and other relevant parameters of PMMA are listed in Table [1](#Tab1){ref-type="table"}.Table 1Parameters of black PMMA (Polymethyl Methacrylate) used in calculation.ParametersPMMAValuesRef.Density, *ρ* (kg/m^3^)1190^[@CR48]^Specific heat, *C*~*P*~ (J/(gK))1.7^[@CR48]^Thermal conductivity, *k* (J/(smK))0.336^[@CR48]^Pre-exponential factor, Z (1/s)5 × 10^8[@CR48]^Activation temperature, *T*~*a*~ (K)1.5 × 10^4[@CR48]^Ambient temperature, *T*~*∞*~ (K)300---Critical mass flux, $\documentclass[12pt]{minimal}
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Surface temperature {#Sec7}
-------------------

The exact solutions of surface temperature can be expressed based on Eqs ([7](#Equ7){ref-type=""}), ([13](#Equ13){ref-type=""}), ([14](#Equ14){ref-type=""}) and ([31](#Equ31){ref-type=""}) for linearly and quadratically decreasing HFs:$$\documentclass[12pt]{minimal}
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The comparison of surface temperature of PMMA between the developed analytical model and simulation results is illustrated in Fig. [4](#Fig4){ref-type="fig"}. *a*~*cri*~ is crucial for ignition and the ranges of *a* used in Fig. [4](#Fig4){ref-type="fig"} are in the vicinity of *a*~*cri*~. The calculated values of *a*~*cri*~ through critical mass loss rate under the initial HFs of 50 and 70 kW/m^2^ are listed in Table [2](#Tab2){ref-type="table"}. For fixed $\documentclass[12pt]{minimal}
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As expected, the surface temperature gets higher as *a* decreases. When pyrolysis is considered in numerical model. The exact analytical solutions fit the simulation results relatively well, but still some discrepancy is observed in Fig. [4](#Fig4){ref-type="fig"}. Especially in the range near the peak value, the analytical model deviates from the numerical results most. This divergence is caused by the gasification heat absorbed during pyrolysis in the numerical model. A small portion of the absorbed energy is consumed in the thermal degradation to evaporate the condensed solid. However, in the analytical model all the energy is assumed to heat the thermally inert material. Consequently, the analytical curves are slightly higher than the numerical ones. In the early and late stages, the lower surface temperature leading to a weaker pyrolysis rate results in a better agreement. The maximum discrepancy of surface temperature caused by the thermal degradation in Fig. [4](#Fig4){ref-type="fig"} between the analytical and numerical models is less than 20 K.

Transient mass flux {#Sec8}
-------------------

Transient mass flux reflects the generation rate of volatiles and determines the subsequent ignition. Figure [5](#Fig5){ref-type="fig"} demonstrates the comparison of mass flux of PMMA under linearly and quadratically decreasing HFs without considering the ignition effect. Also, *a*~*cri*~ listed in Table [1](#Tab1){ref-type="table"} can be calculated through Eqs ([25](#Equ25){ref-type=""}) and ([41](#Equ41){ref-type=""}). The value of *a* used in analytical and numerical models in Fig. [5](#Fig5){ref-type="fig"} spans the ignition and no-ignition domains. The resultant peak values higher and lower than the critical mass flux, 2.42 g/m^2^ s, imply the ignition and no-ignition scenarios, respectively. The developed analytical model fits the simulation results reasonably well except the peak values in low *a* cases. This disagreement is also attributed to the temperature related pyrolysis rate. Higher temperature resulting from lower *a* vaule would enhance the thermal degradation and consume more absorbed energy during the gasification. While with higher *a* values, the agreement is good. Although the disagreement of peak values is significant in the ignition cases, the prediction of ignition time is barely affected since the agreement at critical mass flux, 2.42 g/m^2^ s, is good during the increasing phase of the curves in Fig. [5](#Fig5){ref-type="fig"}. Predictably, this distinction of peak value would induce the maximal error of ignition time in the critical case, *a* = *a*~*cri*~, which will also be demonstrated later.Figure 5Comparison of transient mass flux of PMMA between analytical and numerical models: (**a**) Linearly decreasing HF; (**b**) Quadratically decreasing HF. Solid symbols: numerical results at $\documentclass[12pt]{minimal}
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Ignition time {#Sec9}
-------------

Figure [6](#Fig6){ref-type="fig"} shows the predicted ignition time of PMMA under linearly and quadratically decreasing HFs through analytical and numerical models. Under linearly decreasing HF, Fig. [6](#Fig6){ref-type="fig"} (a), Eq. ([27](#Equ27){ref-type=""}) provides good agreement with the numerical simulation by solving the cubic equation even though several approximations are invoked, including Eqs ([9](#Equ9){ref-type=""}), ([16](#Equ16){ref-type=""}), ([17](#Equ17){ref-type=""}), ([19](#Equ19){ref-type=""}) and ([23](#Equ23){ref-type=""}). Without solving the cubic and quintic equations, the approximate analytical solutions, Eqs ([30](#Equ30){ref-type=""}) and ([43](#Equ43){ref-type=""}), provide linear correlations between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$${t}_{ig}^{-0.5}$$\end{document}$ decreases sharply. However, the ignition time at *a*~*cri*~ can be attained through Eqs ([25](#Equ25){ref-type=""}) and ([41](#Equ41){ref-type=""}).Figure 6Comparison of ignition time of PMMA between analytical and numerical models.

Parametric Study of Critical Mass Flux {#Sec10}
======================================

Critical mass flux is a determinant input parameter in analytical and numerical ignition models for specified materials. The objective of this section is to investigate the influence of ignition criteria on ignition time.

Although the critical mass flux of PMMA used in Section 3.3 is 2.42 g/m^2^ s, it is hard to be measured accurately in the tests and it is sensitive to the experimental condition. Therefore, utilization of a valid range of this parameter may be a more practicable choice. The reported critical mass flux ranges of PMMA by Bal^[@CR3]^ and Vermesi^[@CR12]^ are 1.82--3.75 and 1.9--3.2 g/m^2^ s, respectively. However, a larger range, 1--8 g/m^2^ s is used in this study to examine its influence on ignition time. The equivalent ignition temperatures of PMMA, $\documentclass[12pt]{minimal}
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Figure [7](#Fig7){ref-type="fig"} shows the influence of $\documentclass[12pt]{minimal}
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                \begin{document}$${t}_{ig}^{-0.5}$$\end{document}$ of PMMA with initial HFs of 50 and 70 kW/m^2^. The agreement between analytical and numerical results in this figure is not very good but acceptable because several additional approximations are employed when considering thermal degradation reaction within solid. As *a* getting closed to *a*~*cri*~, the discrepancy gets larger. This is caused by the fact that the induced error by invoking the approximations approaches a climax when *a* = *a*~*cri*~, which has been interpreted in the end of Section 3.2. As shown in Fig. [7](#Fig7){ref-type="fig"}, the critical mass flux has significant effect on the ignition time.Figure 7Effect of critical mass flux on $\documentclass[12pt]{minimal}
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Conclusions {#Sec11}
===========

An approximate analytical model is established in this study to investigate the ignition of solids exposed to a time-decreasing incident HF. Critical mass flux is used in the model to calculate the surface temperature, transient mass flux and ignition time based on the exactly obtained in-depth temperature. Linearly and quadratically decreasing HFs are focused. An approximation methodology is proposed to simplify the complicated expressions during the derivation. The reliability of the developed model is verified by comparison with a numerical model employing PMMA as the reference material.
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                \begin{document}$${T}_{ig}^{\ast }$$\end{document}$, which is identical to *T*~*ig*~, is found to keep the ignition time expression similar to the one in critical temperature case. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${T}_{ig}^{\ast }$$\end{document}$ is independent of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\dot{q^{\prime\prime} }}_{0}$$\end{document}$ but is proportional to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\dot{m}}_{cri}^{^{\prime\prime} 1/B}$$\end{document}$. The accuracy of the proposed model is good for high values of *a* and decreases as *a* gets lower when predicting the transient mass flux. However, this increased inaccuracy does not compromise the capability of ignition time prediction. The error induced by invoking the approximations gets larger as *a* approaching *a*~*cri*~. According to the parametric study, critical mass flux has great effect on the ignition time prediction.

Although only linearly and quadratically decreasing HFs are studied in this work, the derivation procedure and the approximation method can be extended to other time-decreasing HF scenarios. The main criticism of this work is the negligence of the surface heat loss. The temperature-dependent heat loss in boundary condition would greatly complicate the derivation, and thus more future studies are needed to solve this issue. Meanwhile, in-depth absorption of thermal radiation within infrared translucent solids and the corresponding heat transfer and ignition problems also deserve more attention.
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